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Abstract: We obtain the characteristic equation for the nonlinear Born-Infeld elec- 
trodynamics. This equation has the form of the characteristic equation for the linear 
electrodynamics in some effective Riemann space. The effective metric include the 
energy-momentum tensor components of electromagnetic field. We study a distortion 
of light beams by the action of some distant solitons. This distortion corresponds to 
attraction with the solitons and looks like the gravitational distortion. 
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1. Introduction 

The dynamics of solitons looks like the dynamics of particles. Specifically, the electro- 
magnetic solitons behave like gravitating particles if we consider the second order by a 
field of distant solitons |2|. In the first order of this case we have the Lorentz force. 

At the moment we reason that the nonlinear electrodynamics with singularities 
discussed in the article || is best suited to this analogues. In this article we had con- 
sidered a modernized Born-Infeld action that include a singular part with 5 -functions. 
This is equivalent also to introducing boundary conditions at points. These points 
behave like point charged particles. In this case we have the space with a non-trivial 
topology. 

A subject of the present article is a study of light beams distortion as nonlinear 
effect of the model. 



2. Field equations outside of the singularities 

In this article we consider the field equations outside of the singularities that is the 
purely Born-Infeld model. Thus the system of equations may by written in the following 
form: 
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Here we suppose that the components of metric are g 0Q = 

We can use only the second block of eqs. fl2.1|) for a problem with initial conditions. 
For a cartesian coordinate system we can write the following system: 
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and the Latin indexes take the values 1, 2, 3 . 

Let us write the system of equations ( |2.4| ) in the following matrix form: 
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where (6 x 6) matrix Q M = Q^E, B) may by easy obtained from eqs. ( |2.4| 
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3. Characteristic equation 



The characteristic equation for the system of such type (( |2.4j) or (|2.6| )) is given by the 
following relation 

det(Q^ M ) = , 



where 
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and S(x) = is the equation of a characteristic surface. 

For the system (ET4 -2.6) we have the following expressions: 
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where h n = h 22 = h 3 = - h 00 = 1 , = for /i/i/ ; 

the Greek indexes take the values 0, 1, 2, 3 , 

J 71 *" — — ^ s^ uap F ap , F i0 = Ei , Fij = e ijiB l , (3.6) 
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^0123 — 1 > e 0123 = — 1 , T M!/ are the metric energy-momentum tensor components f3[. 

Suppose fc ^ 0. Then, we have the following very interesting form of the charac- 
teristic equation generalized to the case of any metric: 

(gV-a?T"')k ll k u = • (3-9) 
4. Distortion of beams 

From definition ( |3.2p it follows that d^k u — d v k^ = ; whence we get (see also 0) 

^o= -VW(k,s) , (4.1) 

where 

-fc = u = W(k,x) (4.2) 

is a form of the characteristic equation, that may be obtained from the form of type 
(|3.9|). Here the full derivative on time is defined as 
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where V 3 = — — are the components of group velocity. 

dkj 

The vector k is normal to the two-dimensional surface S(x°, x) = in any 



moment of time. Thus the equation (|4.1| ) may be called the beam one. 

From the characteristic equation ( |3.9|) it follows the expression for the function W. 
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Let us express the function W (|4.4j) as a power series in a 2 . This is correspond to the 
small field approximation |aE|<Cl, |a;B| <C 1. Here we disregard the terms with a 4 
and higher ones. Thus we obtain 
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Substituting ( |3.8| ) for T in ( |4.5| ), using ( |3.6| ), ( |3.7| ), and ignoring a 4 terms, we 



get 
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a 



2 k 



;e x k) 2 + (b x ky 



(4.6) 



Now we consider the propagation of a low-amplitude high-frequency electromag- 
netic wave in the presence of some given field. We can consider a field of some distant 
solitons as the given field. 

The model ( |2.1D ,( ]2T2| ) has the following plane wave solution: 
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where = uj x® — k ■ x , uj 2 = k 2 , u is a complex vector amplitude that u ■ k = , 
k = k/\k\ . The field configuration (|4.7|) describe the plane wave with any polarization. 
We find a solution of equation ( |2.6|) in the following form: 
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where E, B is a given field and we suppose that the phase 0(x) of the solution ( |4.7| ) 
is a some unknown function and k„, = — — (uj = — k$ ) • 



We suppose also that 
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Then substituting in (P^), we get fc M 
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0, where Q» = Q^(E,B) . 



This equation has non-trivial solutions when det(Q M /c^) = 0. Thus we have the 
characteristic equation as dispersion relation. If in addition |aE| <C 1 , |aB| <C 1 , 
then we have the dispersion function W = W(k, E, B) in the form ( |4.5| ) or ( (4.6| ). 



The characteristic equation (3^9) or dispersion relation u = W(k, E, B) define a 
family of surfaces 5 = = const . We can introduce a curvilinear coordinates {x H } 
that x' 1 is perpendicular to these surfaces. Then k' 2 = k' 3 = . Let us define the 
direction of the axis x' 1 that k[ — |k| . 

The phase velocity v of wave satisfy the equation W — k ■ v = . Using (|4.6| ), for 
the coordinate system {x°,x.'} we obtain the following values of the phase velocity: 
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where |v| = v + for the wave that propagate in the positive direction of the axis x' 1 
|v| = v - for the wave that propagate in the opposite direction. 
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As we see, the two magnitudes of the phase velocity less then the speed of light. 
These magnitudes decrease when the given field increase. Thus according to the beam 
equation fl4.1|) we have the light beam distortion corresponding to attraction with 
distant solitons. 



5. Conclusion 

We have obtained the characteristic equation (|3.9|) for the Born-Infeld nonlinear elec- 
trodynamics. This equation has the form of the characteristic equation for the linear 
electrodynamics g^ v k^k v = in some effective Riemann space. The effective metric 
include the energy-momentum tensor components of electromagnetic field 
= — o? . According to this equation we have the distortion of light beams 
that corresponds to attraction with distant solitons. This looks like the gravitational 
distortion. 

This property of light beams for the nonlinear model ( |2.1| ), ( |2.2| ) are in general 
agreement with the results obtained previously for motion of solitons @]. But the 
motion of the solitons with singularities need further consideration. 
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